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ABSTRACT: The fracture characterizations on mixed-
mode crack of functionally graded materials (FGMs) are
investigated using digital speckle correlation method
(DSCM). The stress intensity factors at mixed-mode crack
tip are obtained from digital speckle displacements fields.
In combination with finite elements simulation results, the
influences of gradient coefficients on fracture behavior of
mixed-mode cracks are analyzed. All the results show that
the influence of gradient coefficients on fracture modes is

not noticeable, and the stress intensity factor at the crack
tip in graded materials are clearly influenced by the gradi-
ent coefficients, i.e., the stress intensity factors decrease
with the increasing of gradient coefficients. VC 2011 Wiley
Periodicals, Inc. J Appl Polym Sci 123: 2467–2475, 2012

Key words: functionally graded materials; digital speckle
correlation method; mechanical properties; fracture;
crazing

INTRODUCTION

In recent years, functionally graded materials
(FGMs) are widely used in many engineering struc-
tures due to the gradual variation of its mechanical
properties.1–4 However, experimental investigations
of fracture behavior of FGMs are limited due to the
high cost and elaborate facilities required for proc-
essing FGMs.5–7 A few finite elements methods have
also been used to simulate fracture behavior of the
cracked FGMs.8,9

The digital speckle correlation method (DSCM) is
to compare two images of the specimen in the unde-
formed and the deformed state, which has been
intensively and widely used in deformation mea-
surement of material and structure.10–13 The key to
this experimental method is to search for the maxi-
mum correlation between small zones in the target
and the reference images, from which the displace-
ments at different positions in the zone of interest
can be obtained. The simplest image-matching pro-
cedure in DSCM is cross-correlation, which can

determine the in-plane displacement field (u, v) by
matching different zones of two images.14 Recently,
many research works were concentrated on improv-
ing the accuracy of displacement field and removing
the noise from the displacement field. Bruck et al.15

obtained the higher accuracy using bicubic spline
interpolation. Jin et al.16–19 reported the compensa-
tion method for strain field measurements in DSCM.
Sutton et al.20 developed finite elements smoothing
technique with one-dimensional generalized cross-
validation algorithm to smooth the displacement
data. Jin et al.21 studied mixed-mode fracture
response of ZrO2/NiCr FGMs using fracture test,
digital image correlation technique, and extended fi-
nite element method.
In this article, fracture characterizations of the

mixed-mode crack in the graded material are inves-
tigated using DSCM in combination with finite ele-
ment method. The influences of the gradient coeffi-
cients on fracture behavior of the mixed-mode crack
are analyzed.

EXPERIMENTAL PRINCIPLE OF DSCM

Figure 1 is the schematic configuration of the experi-
mental setup for digital speckle correlation techno-
logy, which consists of a charge-coupled-device
(CCD) camera, optical fiber cold light source, image
card, digital image correlation processing software
written in Cþþ language, and a personal computer.
In this test, the cold light source was used to illumi-
nate the specimen surface. The CCD camera was
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used to record the speckle image of the specimen
with a resolution of 1280 � 1024 pixels. Then, the
image data was saved to a hard disk. After the cor-
relation calculation of two images before and after
deformation is performed, the full-field displace-
ments of the specimen surface are obtained.

A correlation equation will be used to search the
peak value and improve the measurement accuracy,
which is shown in eq. (1).16,17
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Here, f(x,y) is the gray level value at coordinates
(x,y) for the original image, g(x*, y*) is the gray level
value at coordinates (x*, y*) for the target image, C is
the maximum correlation factor, �f and �g are the av-
erage gray values of the image f(x,y) and g(x*, y*),
respectively. The correlations between the coordi-
nates (x, y) and (x*, y*) are established by the defor-
mation which occurred between two images. If the
motion of the object relative to the camera is parallel
to the image plane, the relationship between the
coordinates (x, y) and (x*, y*) can be expressed as:

x� ¼ xþ uþ Dx @u
@x þ Dy @u

@y ;

y� ¼ yþ vþ Dx @v
@x þ Dy @v

@y :

8<
: (2)

where u and v are the displacement component for
the subset centers in the x and y directions, respec-
tively. The term Dx and Dy are the distances from
the subset center to the point (x, y). Digital image
correlation technology is used to obtain six deforma-
tion parameters for u, v, qu/qx,qv/qy,qu/qy, and qv/
qx. The displacement and strain with the maximum
C are considered the true displacement and strain.

In this method, the measurement precision will
reach 0.05 pixels.
In using DSCM, the specimen surface is usually

sprayed with black and white paint to form a ran-
dom pattern. This pattern was applied by first coat-
ing the surface with white paint and then allowing
the overspray from a can of black paint to speckle
the white surface. It is easy to find the image pairs
of this kind of black and white pattern using digital
image correlation method.

APPLICATION OF DSCM IN FGM
FRACTURE MECHANICS

Preparation and characterization of FGM

In this study, photodegradable method was used to
fabricate the functionally graded polymethyl methac-
rylate (PMMA) material. The specific method and
principle of UV irradiation are described in detail.22

In order to make graded variations of the mechani-
cal properties along the width of the specimen, a
special experimental electronic apparatus was
designed including a precise motor, a plane table,
and a computer with control software. It could be
automatically moved at a uniform speed. The elec-
tronic control system was used to perform a slow
rotation. The strips with nominally 100 mm length,
40 mm width, and 1 mm thickness were placed on
the experimental table, moved along the width
direction of the specimen at a very slow speed of
0.01 m/h. Under the irradiation of UV light, the
motion of the specimen resulted in different irradia-
tion times. Finally, the gradient variation of elastic
modulus along the width direction of the specimen
can be achieved according to the design require-
ment. The final FGM specimen is shown in Figure 2.
In this study, the elastic modulus of the material is
regarded as linear variation.
Two kinds of gradient materials and one homoge-

neous material are prepared as shown in Figure 3.

Figure 1 Schematic diagram of digital speckle correlation
technology.

Figure 2 Gradient PMMA using UV irradiation.
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The elastic modules of three different materials can
be expressed as:

E ¼ 3:04ð1� 5:94x1Þ GPa d < 0;

E ¼ 2:42ð1þ 0:00x1Þ GPa d ¼ 0;

E ¼ 2:51ð1þ 7:17x1Þ GPa d > 0:

(3)

Here x1 is the coordinate value on the width direc-
tion of the sample. An initial 45� edge crack (crack-
tip radius 0.15 mm) with 0.3 mm width and 7 mm
length is cut in the middle position of bottom side in
each specimen using a high-speed diamond impreg-
nated circular saw. In FGM, d is the gradient param-
eter, the gradient direction is parallel to the width
direction of the specimen.

Both the crack-tip coordinates and the gradient
variation can be seen in Figure 4. E0 is the elastic
modulus at the crack tip, E1 and E2 are the elastic
modulus at both sides of the specimen, respectively.
The first specimen is the crack on the stiff side of
the material while being loaded on the compliant
side (E2/E1 < 1, d ¼ �5.94). The second specimen is
a homogenous material with the same elastic modu-
lus (E2/E1 ¼ 1, d ¼ 0). The third specimen is about
the crack on the compliant side and being loaded on
the stiff side (E2/E1 > 1, d ¼ 7.17). Both the coordi-
nate (x, y) and (x1, y1) are Cartesian coordinates at
the crack tip, and (r,y) is a polar coordinate. In coor-
dinate system (x1, y1), x-axis and y-axis are parallel
to the vertical and horizontal sides of the specimen,
respectively. The material gradient direction is along
the x1-axis. The angle between the gradient direction
and the crack is u which is assumed to be �p/2 < u
<p/2. On the other hand, artificial speckle can be
made through spraying black/white paint on the
surface of the specimens. In this experiment, speckle
fields of three kinds of specimens are shown in
Figure 3.

Considering the difficulty of the specimen prepa-
ration, the cracked specimen with u ¼ 45� is chosen.
The specimen was loaded using the tensile machine.
The applied load is measured using the force sensor.
During the whole experimental process, speckle
photos under different loads are taken accordingly.
Displacement fields (u1, v1) in the global coordinates
(x1, y1) can be obtained, and the contours of the dis-
placement fields are in comparison with finite ele-
ments results.

Fracture mechanics of FGM

According to the relationship of the coordinates in
Figure 4, the displacement fields in the crack-tip
coordinates can be expressed as:

u ¼ ðu1 � u10Þ cosu� ðv1 � v10Þ sinu;

v ¼ ðv1 � v10Þ cosuþ ðu1 � u10Þ sinu:
(4)

Here, (u10, v10) are the displacements at the crack
tip in the global coordinates, u is the angle between
the local coordinates (x, y) and the global coordi-
nates (x1, y1).
According to Erdogan’s suggestion,23 only the

elastic constants near the crack-tip are considered,
thus:

Figure 3 Speckle pattern of specimens with different gradient coefficients.

Figure 4 Tip coordinates of mixed-mode crack.
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Here, KI and KII are the mode I and mode II stress
intensity factors near the crack-tip, respectively; G0

is the shear module at the crack tip; k is the elastic
constant, for plane stress conditions, k ¼ (3 � m)/(1
þ m), and for plane strain conditions, k ¼ 3 � 4m. m is
the Poisson’s ratio of the material. In this study, the
plane stress condition is selected.

For the problem of mixed-mode cracks, two stress
intensity factors KI and KII can be obtained from the
displacement fields in eq. (5). Since large errors may
be found in calculating KI and KII due to the sharp
variation of the displacements near the crack-tip,

some changes must be made in eq.(5). Considering
the symmetry of trigonometric function, eq. (5)
becomes:

KI ¼ 2G0ðvðr; hÞ � vðr;�hÞÞ
ð2kþ 1Þ sin h

2 � sin 3h
2

ffiffiffiffiffiffi
2p
r

r
;

KII ¼ 2G0ðuðr; hÞ � uðr;�hÞÞ
ð2kþ 3Þ sin h

2 þ sin 3h
2

ffiffiffiffiffiffi
2p
r

r
:

(6)

RESULTS AND DISCUSSIONS

Influence of gradient coefficient on
stress intensity factors

Several pairs of points (ri, yi),(ri, �yi) (yi >0, i ¼
1,2,. . .,n) are selected in the K-dominant stress fields,
and the in-plane displacements (u1i(r, y), v1i(r, y))
and (u1i(r, �y), v1i(r, �y)) at 2k positions in the global

Figure 5 Stress intensity factors of graded materials with different gradient coefficients. [Color figure can be viewed in
the online issue, which is available at wileyonlinelibrary.com.]

Figure 6 Curves of relationship between W and F. [Color
figure can be viewed in the online issue, which is available
at wileyonlinelibrary.com.]

Figure 7 K/Khomo for materials with different gradient
coefficients. [Color figure can be viewed in the online
issue, which is available at wileyonlinelibrary.com.]
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coordinates are obtained, so the displacements (ui(r,
y), vi(r, y))and (ui(r, �y), vi(r, �y)) in the crack-tip
coordinates can be deduced. The stress intensity fac-
tors corresponding to each pair of points can be cal-
culated out using eq. (6), and the nearest value to
the real stress intensity factors can be obtained using
the least square method.

According to eqs. (3)–(6), the relationships be-
tween the stress intensity factors KI, KII and the
applied load for three different specimens are plot-
ted in Figure 5, respectively. The nearly linear rela-
tionships between the stress intensity factors and the
loads are found before three kinds of samples were

ruptured, which indicated that the materials are
almost linear elastic until fractured. Plastic influen-
ces can be ignored and it is reasonable to treat this
as linear elastic fracture problems.
According to Figure 5, as d < 0, the stress inten-

sity factors KI, KII are the largest, and as d > 0, the
stress intensity factors KI, KII are the smallest. With
increasing gradient parameter, the stress intensity
factors decrease. Under the premise of K-dominance,
the specimen with a crack on the stiff side (E2/E1 <
1, d < 0) experienced lower value of KI and KII when
compared with that of the homogenous specimen (d
¼ 0) subjected to the identical far-field loading. On

Figure 8 Finite element model of mixed-mode crack under constant displacement tension. [Color figure can be viewed
in the online issue, which is available at wileyonlinelibrary.com.]

Figure 9 Crack tip displacement fields as d ¼ �5.94. [Color figure can be viewed in the online issue, which is available
at wileyonlinelibrary.com.]
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Figure 10 Crack tip displacement fields as d ¼ 0. [Color figure can be viewed in the online issue, which is available at
wileyonlinelibrary.com.]

Figure 11 Crack tip displacement fields as d ¼ 7.17. [Color figure can be viewed in the online issue, which is available at
wileyonlinelibrary.com.]
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the contrary, the specimen with a crack on the com-
pliant side (E2/E1 > 1, d > 0) has higher value of KI

and KII than that of the homogenous specimen (d ¼
0). This suggests that elastic gradients shield a crack
on the stiff side under loading condition.

Influence of gradient coefficient
on fracture mode

In order to discuss the fracture properties of
graded materials conveniently, the stress intensity
factor is expressed in complex formulation

K
* ¼ KðcosWþ i sinWÞ, here K ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
K2
I þ K2

II

q
, W ¼ arc-

tan(KII/KI), and the influence of u and d on K and W
will be investigated. The K indicates the material
fracture capability, and the W indicates the crack
mode.

As u ¼ p/4, the variations of W depending on the
load are shown in Figure 6 for three specimens with
different gradient coefficients. As the load is small,
due to the error resulting from DSCM itself, the var-
iations of W is not in order. As the load increases to
10 N, the variations of W become steady. As the load
becomes large than 15 N, the W almost reach to a
constant 0.45. It can be deduced that the crack mode
is not dependent on the gradient coefficient d.

In this article, elastic module of the crack tip are
different for the specimen with the gradient coeffi-
cients �5.94 and 7.17, respectively. The material frac-
ture capability cannot be evaluated by comparing
the stress intensity factors (SIF) directly. It is neces-
sary to examine the SIF in graded materials in com-
parison with the SIF of corresponding homogeneous
materials. Figure 7 shows that, there are K/Khomo >
1 as d ¼ �5.94, and K/Khomo < 1 as d ¼ 7.17, here
Khomo is the stress intensity of the corresponding ho-
mogeneous material. It indicates that the material
facture capability will depend on the gradient coeffi-
cient, and the positive graded coefficient is more
favorable.

Comparison of fracture behaviors between
FEM simulation and DSCM experiment

FEM software (Ansys) is used to simulate the frac-
ture characterizations of the FGMs. The finite ele-
ments model of the mixed-mode crack is shown in
Figure 8. The specimen is divided into 40 layers
along the width. The variation of the elastic module
is denoted by different colors in Figure 8. One end
of the specimen is fixed, and the displacement of the
other end is u. Solid 95 unit is adopted, and there
are totally 32,060 units and 178,655 nodes.
The crack opening displacements are used to

obtain the stress intensity factors. As y ¼ p in eq. (6),
it has

KI ¼ G0ðvðr; pÞ � vðr;�pÞÞ
1þ k

ffiffiffiffiffiffi
2p
r

r
;

KII ¼ G0ðuðr; pÞ � uðr;�pÞÞ
1þ k

ffiffiffiffiffiffi
2p
r

r
:

(7)

As r is small enough, KI and KII in eq. (7) will ap-
proximate to be two constants, which are considered
to be the real stress intensity factors at the crack-tip.
As an example, the displacement fields (u1, v1) in

the whole coordinates (x1, y1) are figured out using
digital correlation speckle method and finite ele-
ments modeling as shown in Figures 9–11. Both the
crack tip displacement and far field displacement
are summarized as shown in Table I. In view of
rigid motion of DSCM experiment, the relative dis-
placements are also shown in Table I.
It is obvious that the trends of displacement fields

in homogeneous materials obtained from the digital
speckle experiment coincide with finite elements
simulation results in Figures 9–11. For graded mate-
rials, the trends of v1 obtained from experiment
results and finite elements results are almost the
same, and the trends of u1 are slightly different, but
the whole trends are the same. The displacements of
homogeneous materials are slightly larger than those

TABLE I
Both the Crack Tip Displacement and Far Field Displacement

FEM DSCM

Crack tip
displacement

Far field
displacement

Relative
displacement

Crack tip
displacement

Far field
displacement

Relative
displacement

d ¼ �5.94
u �0.012 �0.003 �0.009 �0.087 �0.078 �0.009
v 0 0.014 �0.014 �0.155 �0.143 �0.012

d ¼ 0
u �0.011 �0.002 �0.009 0.082 0.09 �0.008
v 0 0.016 �0.016 �0.14 �0.124 �0.016

d ¼ 7.17
u �0.008 0 �0.008 0.009 0.017 �0.008
v 0 0.014 �0.014 �0.128 �0.116 �0.012
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of two graded materials due to the elastic modulus
increasing after being irradiated. The comparison
between finite elements simulation results and digi-
tal speckle results are shown in Figure 12. A good
coincidence of crack tip stress intensity factors can
be found and the errors are within 10%. The results
from finite elements simulation in Table II show the

influences of the angle u between the gradient direc-
tion and the crack and gradient coefficients d on the
crack tip stress intensity factors K and crack modes
W. For all crack modes, the stress intensity factor K
decreases with the increasing of gradient coefficient
d. The positive gradient coefficients d result in less
stress intensity factors. The crack mode W is almost
not changed, which indicates that the influence of
the gradient coefficient on the crack mode is negligi-
ble. All of the above FEM results coincide with the
experimental results.

CONCLUSIONS

In combination with finite elements method, the dig-
ital speckle experimental methods are used to inves-
tigate the influence of gradient coefficients on the
fracture behavior of graded materials. The following
conclusions are obtained:

1. Under the premise of K-dominance, the speci-
men with a crack on the stiff side (E2/E1 < 1, d
< 0) experienced lower value of KI and KII

when compared with that of the homogenous
specimen (d ¼ 0) subjected to the identical far-
field loading. On the contrary, the specimen
with a crack on the compliant side (E2/E1 > 1,
d > 0) has higher value of KI and KII than that
of the homogenous specimen (d ¼ 0). This sug-
gests that elastic gradients shield a crack on the
stiff side under loading condition.

2. The displacement fields (u1, v1) in the whole
coordinates (x1, y1) for different FGMs are com-
pared using digital correlation speckle method
and finite elements modeling. The correspond-
ing stress intensity factors at crack tip are
extracted. The results reveal that the fracture
capabilities of the crack in graded materials are
influenced by the gradient coefficients.

3. The influences of gradient coefficients on frac-
ture modes are not noticeable. For any gradient
coefficient, the phase angle W of the mixed-
mode stress intensity factors becomes a con-
stant gradually with the increasing of the
applied load.
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